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Abstract
The thin plate model leads to a diﬀerential equation of fourth-order, while the mixed ﬁrst-order shear
deformation plate is modeled by a system of diﬀerential equations of second-order. The ﬁrst model does not
provide a very good analysis of shear deformity in plates in which the thickness-to-length ratio is relatively
large. Nevertheless, the latter is more diﬃcult and much more accurate. In this paper, the relationships
between the ﬁndings of the two models allowing shear deformation results to be obtained from the results
of classical thin theories are displayed without using any shear correction factors. The exact solutions are
presented for bending of six types of rectangular plates having two opposite edges simply supported, and
the other two edges may be quite general. The accuracy of the present model is demonstrated via problems
for which the exact solutions and numerical results are available, and solutions are also presented as
benchmark solutions for researchers to use in checking their numerical thick plate solutions.
 2003 Elsevier Science Inc. All rights reserved.
Keywords: Classical thin plate theory; Mixed thick plate theory; Levy-type approach; Bending relationships
1. Introduction
The plate theory has been and is still a subject which has been very extensively studied for a
century. In the theory of plates usually two diﬀerent limit cases are considered: the Kirchhoﬀ and
the Mindlin–Reissner plate. When you ask diﬀerent people which model is more easily handled,
you will get diﬀerent answers. Engineers will usually give you the intuitive answer that the Mindlin
plate is the easier one. In fact, the Mindlin plate is a problem with a small parameter, and so the
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mathematician will prefer the Kirchhoﬀ model if he wants a simple treatment. He will prefer,
however, the other one if he wants an intriguing and challenging problem.
In the context of the plate theory, the simplest one is the Kirchhoﬀ (classical thin) plate theory
(CPT) which neglects the shear deformation in the plate thickness [6,18,20]. However, at thick and
moderately thick structures are characterized by non-negligible shear deformations in the thick-
ness since the longitudinal elastic modulus is much higher than the shear and the transversal
moduli; hence the use of a shear deformation plate theory is recommended. The Reissner [14,15]
and Mindlin [7] model is known as ﬁrst-order shear-deformation theory (FSDT), and accounts for
the shear deformation in the thickness in the simplest way (see also, [16,17,23]). This approach
gives satisfactory results for a wide class of structural problems, even for moderately thick plates;
moreover, due to computational eﬃciency, it is currently used in large-scale computations typical
of industrial applications.
A plate is typically considered to be thin when the ratio of its thickness to representative lateral
dimension (e.g., circular plate diameter, square plate side length) is 1/20 or less. In fact, most
plates used in practical applications satisfy this criterion. This usually permits one to use classical
thin plate theory to obtain global structural plate behaviour with good accuracy. However, the
global structural behaviour of a plate with thickness ratio of 1/20, determined by thin plate theory,
will not be accurate.
The inaccuracies described above are largely eliminated by use of the Mindlin theory, for it does
include the eﬀects of additional plate ﬂexibility due to shear deformation, and additional plate
inertia due to rotations (supplementing the translational inertia). Both eﬀects decrease the fre-
quencies and increase the deﬂections and critical buckling loads. There are still other eﬀects not
accounted for by the Mindlin theory (e.g., stretching in the thickness direction, warping of the
normals to the mid-plane), but these are typically unimportant for most vibration, bending, and
buckling problems until very thick plates are encountered. For such situations a three-dimen-
sional analysis should be used.
The FSDT provides a good compromise between numerical accuracy and computational
burden. In fact, a current research topic concerns the development of eﬀective solutions for plates,
within the framework of the FSDT, which are able to properly describe the structural behaviour
in terms of displacements and stresses. The present study is a contribution in this direction and
refers to the case of rectangular plates under the hypotheses of linear elasticity, small strains and
displacements.
In the FSDT, the issue concerning the evaluation of the stresses presents two separate
aspects. Actually, while the computation of the in-plane stresses can be generally considered
as satisfactory, the recovery of the out-of-plane transverse and normal stresses represents a
critical aspect, although this usually occurs for more reﬁned higher-order theories. In the
FSDT, shear correction factors are introduced to correct for the discrepancy between the actual
transverse shear force distributions and those computed using the kinematic relations of the
FSDT. Unlike the FSDT, a higher-order theory requires no shear correction factor [3–5,10–
12,19,22]. However, most of these theories contain higher-order stress resultants. In fact, the
constitutive law for most two-dimensional theories would leave the out-of-plane normal stress
undeﬁned. Accurate values of the transverse shear stresses as well as of the out-of-plane
normal stress are recovered only by using the three-dimensional diﬀerential equilibrium equa-
tions [8,9].
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The exact relationships for deﬂections, stress resultants, natural frequencies and buckling
loads, so far developed, cover a relatively large variety of plate shapes, loading and boundary
conditions, and are reported in diverse mechanics journals [1,2,13,21]. Wang [21] and Lee et al. [2]
have collated these relationships between the solutions of the classical thin (Kirchhoﬀ) plate
theory and the Mindlin plate theory for easy reference source. Reddy et al. [13] have collated the
same relationships between the solutions of the classical and Levinson plate theories. These newly
discovered relationships are important contributions because they enable engineers to readily
deduce the Mindlin and Levinson thick plate solutions from the abundant classical thin plate
solutions for the same problem. Most of thick plate solutions obtained from the developed re-
lationships are hitherto not available and thus are extremely valuable to both design engineers
and researchers.
This paper addressed the family of mixed-classical relationships since it leads to a very eﬀective
solution procedure for homogeneous plates. In particular, a new procedure based on the mixed
ﬁrst-order shear deformation plate theory (MPT) is proposed for the evaluation of the out-of-
plane stresses. The MPT is developed based on a mixed variational formulation [24–27] which
assumes continuous stress distributions through the plate thickness. Moreover, the transverse
shear stresses are consistent with the surface conditions and, therefore, there is no need for a shear
correction factor.
The outline of the paper is as follows. In Section 2 the classical theory (CPT) and the mixed
ﬁrst-order shear-deformation theory (MPT) for rectangular plates are recalled in forms suitable
for the ensuing developments. The derivation of the in-plane, as well as, out-of-plane stresses for
MPT are given. The relationships between the ﬁndings of CPT and MPT, allowing shear de-
formation results to be obtained from the results of classical theory are addressed in Section 3.
Exact solutions for bending of rectangular plates are outlined in Section 4. Some sample thick
plate solutions [1,2,13,21] generated from the relationships are presented to serve as benchmark
checks for researchers who are involved in developing numerical methods and computer codes for
thick plate analysis. So, numerical results for MPT are presented in Section 5 and a very short
account of the numerical formulation of the CPT is given. Of course, these results are supported
by convergence studies and comparisons with results of other investigators. The results show the
good convergence properties of the MPT as well as the excellent accuracy entailed by the pro-
posed procedure in terms of the out-of-plane shear stresses. In this respect, we remind that, for
moderately thick plates, the transverse and the normal out-of-plane stresses evaluated in this way
are in good agreement with the exact three-dimensional solution. Finally, some concluding re-
marks are presented in Section 6.
In order to simplify the notation we will assume throughout the paper that Greek index a
ranges between x and y, index k ranges between 3 and 4, indices i and j range between x and z and
that summation must be performed on repeated indices, unless otherwise speciﬁed.
2. Governing equilibrium equations
Consider a rectangular plate of length a, width b, uniform thickness h and made of an isotropic
homogeneous material having its sides and the axes of material symmetry aligned with the x- and
y-axes (see Fig. 1). The z-axis is taken perpendicular to the mid-plane and positive in a downward
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direction. A normal traction f ðx; yÞ is applied on the upper surface z ¼ h=2, while the lower
surface z ¼ þh=2 is traction-free.
2.1. Classical thin plate theory
In this theory, a straight line along the normal to the mid-surface remains straight and normal
to the deﬂected mid-surface after loading, that is, there is no transverse shear deformation,
caz ¼ 0. Note that there is no stretch of the mid-surface due to the deﬂection (bending) of the
plate. The basic diﬀerential equation describing the transverse deﬂection wc of the middle surface
of an elastic isotropic ﬂat rectangular plate is given by
Dðo2xM cx þ 2oxoyM cxy þ o2yM cy Þ ¼ f ; ð1Þ
where D ¼ Eh3=½12ð1 m2Þ is the ﬂexural plate rigidity and oa denotes partial diﬀerentiation with
respect to a. The superscript c denotes classical thin plate quantities. The knowledge of the
deﬂection wc provides the values of bending moments M cx ;M
c
y and twisting moment M
c
xy in the z
direction of the thin plate as follows:
M cx
M cy
M cxy
8<:
9=; ¼ D
1 m 0
m 1 0
0 0 1 m
24 35 o2xo2y
oxoy
8<:
9=;wc: ð2Þ
By letting M denotes moment function or so-called moment sum,
M c ¼ M
c
x þM cy
1þ m ¼ Dr
2wc; ð3Þ
where r2 denotes the two-dimensional Laplace operator o2x þ o2y . Since the CPT neglects the
presence of transverse shear strains, the vertical shear forces are related to wc, upon derivation of
Fig. 1. Geometry and coordinate system of rectangular plate ða	 bÞ under uniform (UD) or hydrostatic (HD) dis-
tributed loads.
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the equilibrium equations. So, the vertical shear forces acting at the surfaces normal to the axes x
and y can be expressed as
Qcx ¼ Doxðr2wcÞ ¼ oxM c; Qcy ¼ Doyðr2wcÞ ¼ oyM c: ð4Þ
Bending and twisting moments deﬁne the following two-dimensional stresses:
rcx ¼ 
12M cx
h3
z; rcy ¼ 
12M cy
h3
z; scxy ¼ 
12M cxy
h3
z; ð5Þ
which vary linearly in z according to Kirchhoﬀs hypothesis of the theory of plates. The maximum
stresses occur on the bottom and top surfaces (at the location z ¼ 
h=2) of the plate.
Also, the deﬂection wc deﬁnes the normal reactions as follows:
V cx ¼ Dox½o2x þ ð2 mÞo2y wc; ð6aÞ
V cy ¼ Doy ½o2y þ ð2 mÞo2x wc: ð6bÞ
Also, the boundary conditions for CPT involve specifying
In which ðnx; nyÞ denote the direction cosines of a unit normal to the boundary of the mid-plane.
From (1) and (2), the well-known fourth-order governing equation of the CPT can be estab-
lished as
Dr2r2wc ¼ f : ð7Þ
The above equation may be represented as follows:
r2M c ¼ f ; r2wc ¼ M c=D: ð8Þ
The plate equation (7) is thus reduced to two second-order partial diﬀerential equations which are
sometimes preferred, depending upon the method of solution to be employed. Given the loading
and the boundary conditions, one can solve M c from the ﬁrst part of (8), then the second part of
(8) leads to wc.
2.2. Mixed shear deformation plate theory
If the thickness h of the plate is not thin, i.e., h=a or/and h=bP 0:1, then the thick plate theory
by Mindlin should be applied. This theory accounts for the angle changes within a cross-section,
that is, caz 6¼ 0. This means that a line which is normal to the mid-surface before the deformation
will not be so after the deformation.
Geometric (essential) Force (natural)
wc V cx nx þ V cy ny
oxwc M cx nx þM cxyny
oywc M cxynx þM cy ny
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The Mindlin (ﬁrst-order shear deformation) theory, originally presented in Reissner [14–16]
and Mindlin [7] for homogeneous plates and in Yang et al. [23] for laminated composites, is based
on the following assumptions:
ii(i) the transverse strain component ez is zero;
i(ii) the transverse shear strain components caz are constant in the thickness, that is ozcaz ¼ 0;
(iii) the out-of-plane normal stress rz is zero;
(iv) the shear stresses saz are continuous piecewise quadratic functions of the z coordinate.
In plate or laminate FSDT, the relation between the resultant shear forces Qa and the shear
strains caz is aﬀected by the so-called shear correction factors. The shear factors represent an
additional unknown of the problem. The common choice 5/6 (or p2=12) is correct only for ho-
mogeneous plates. However, the shear correction factor value, 2/3, is more appropriate for
transverse shear stresses only [27].
The solution provided by the FSDT does not directly provide the out-of-plane stresses, that is
the transverse shear stress components saz and the normal stress rz. In fact the constitutive law of
the elastic plate would provide unacceptable values of the transverse shear stresses, while the
component rz would remain undeﬁned. For this reason it is common practice to recover the out-
of-plane stress by using the mixed ﬁrst-order shear deformation plate theory (MPT).
The mixed variational formulation based upon Hamiltons principle is given by [24–27]:
0 ¼
Z t2
t1
Z Z Z
V
q€umi du
m
i

þ drmij emij  Rmdvþ dPmdt; ð9Þ
where the superscript m denotes mixed ﬁrst-order shear deformation plate quantities, ðt1; t2Þ is a
time interval and q is the density of the undeformed isotropic body. The potential energy Pm of
the external loads can be deﬁned as a function of the displacement ﬁeld and the applied loads as
follows:
Pm ¼ 
Z Z Z
V
Biumi dv
Z Z
Sr
F iumi ds
Z Z
Su
njrmij ðumi  umi Þds; ð10Þ
where nj are the components of the unit vector along the outward normal to the total surface
Sr þ Su; Bi are the body forces measured per unit volume of the undeformed body; F i are the
prescribed components of the stress vector, per unit area of the surface Sr and umi are the pre-
scribed components of the displacements of the remaining surface Su. The complementary energy
density Rm is given by
Rm ¼ 1
2E
ðrmx Þ2
h
þ ðrmy Þ2 þ ðrzÞ2
i
þ 1
2G
ðsyzÞ2
h
þ ðsxzÞ2 þ ðsmxyÞ2
i
 m
E
rmx r
m
y
h
þ rmy rz þ rmx rz
i
;
ð11Þ
in which E is Youngs modulus, G ¼ E=½2ð1þ mÞ is the shear modulus and m is Poissons ratio.
Note that the stress components rmij are represented by the in-plane normal stresses r
m
a , the in-
plane tangential stress smxy, the out-of-plane normal stress rz, and the out-of-plane shearing stresses
saz.
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The strain–displacement relations for the mixed ﬁrst-order shear deformation plate theory
(MPT) are given immediately as
em11 ¼ emx ¼ zoxw; em22 ¼ emy ¼ zoyu; em12 ¼ cmxy ¼ zðoxuþ oywÞ;
em33 ¼ ez ¼ 0; em13 ¼ cxz ¼ wþ oxwm; em23 ¼ cyz ¼ uþ oywm;

ð12Þ
where wmð um3 Þ denotes the transverse deﬂection of a point ðx; yÞ on the mid-plane, and wð um1 Þ
and uð um2 Þ are the rotation angles of a line, which is normal to the mid-surface before the
deformation, about the y- and x-axes, respectively. In the absence of the body forces and the
prescribed displacements, we have for the ﬁrst variation of Pm,
dPm ¼ 
Z Z
Sr
f dwm ds: ð13Þ
The non-vanishing stress ﬁeld is assumed to be of the form [24]:
rmx ¼ zGxðx; yÞ; rmy ¼ zGyðx; yÞ; smxy ¼ zGxyðx; yÞ;
sxz ¼ zGxzðx; yÞ 1 zh=2
 2" #
; syz ¼ zGyzðx; yÞ 1 zh=2
 2" #
;
rz ¼ Gz0ðx; yÞ þ zGz1ðx; yÞ þ z2Gz2ðx; yÞ þ z3Gz3ðx; yÞ:
9>>=>>; ð14Þ
The functions Gx, Gy , Gxy, Gxz, and Gyz may be got easily from the point that the above stress ﬁeld
satisﬁes the following stress resultants:
fMmx ;Mmy ;Mmxyg ¼
Rþh=2
h=2 frmx ; rmy ; smxygzdz;
fQmx ;Qmy g ¼
Rþh=2
h=2 fsxz; syzgdz;
)
ð15Þ
where Mmx , M
m
y are bending moment, M
m
xy is twisting moment, and Q
m
x , Q
m
y are shear forces. Also
the functions Gzrðr ¼ 0; 1; 2; 3Þ arise from the point that the transverse normal stress rz satisﬁes the
conditions
rzjz¼h=2 ¼ f ; rzjz¼þh=2 ¼ 0;
Z þh=2
h=2
rzdz ¼ 0;
Z þh=2
h=2
zrzdz ¼ 0: ð16Þ
The ﬁnal expressions for the stress components can be written in terms of their resultants and the
thickness coordinate z [24]:
rmx ¼
12Mmx
h3
z; rmy ¼
12Mmy
h3
z; smxy ¼
12Mmxy
h3
z;
sxz ¼ 3Q
m
x
2h
1 z
h=2
 2" #
; syz ¼
3Qmy
2h
1 z
h=2
 2" #
;
rz ¼ f
4
1 2 z
h=2
 
 5 z
h=2
 2" #
1 z
h=2
 
:
9>>>>>=>>>>>;
ð17Þ
It is to be noted that, the transverse shear stresses saz are functions of z and vanish on the
bounding planes (z ¼ 
h=2) while the maximum normal stresses occur at the location z ¼ h=2.
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2.2.1. Equations of equilibrium
The next step in deriving the governing equations consists of the substitution of (11)–(13), and
(17) into the static version of the variational formulation (9). The extremum condition of the
obtained formula gives the following equilibrium equations:
oxQmx þ oyQmy þ f ¼ 0; ð18aÞ
oxMmx þ oyMmxy  Qmx ¼ 0; ð18bÞ
oxMmxy þ oyMmy  Qmy ¼ 0: ð18cÞ
2.2.2. Boundary conditions
The extremum condition of (9) gives also the form of the geometric and force boundary
conditions:
2.2.3. Constitutive equations
The constitutive equations will be derived from the extremum condition of the mixed varia-
tional formulation (9), as follows:
Mmx
Mmy
Mmxy
8<:
9=; ¼ D
1 m 0
m 1 0
0 0 1
2
ð1 mÞ
24 35 oxwoyu
oxuþ oyw
8<:
9=;; ð19Þ
Qmx
Qmy
 
¼ 5Dð1 mÞ
h2
1 0
0 1
 
wþ oxwm
uþ oywm
 
: ð20Þ
Note that (20) gives the expressions for the mixed constitutive shear forces. The shear forces can
also be obtained from the equilibrium equations (18b) and (18c). Substituting the bending and
twisting moments in (19) into the equilibrium equations (18b) and (18c), then the mixed equi-
librium shear forces are thus given by
Qmx ¼ D oxðoxw

þ moyuÞ þ 1 m
2
oyðoxuþ oywÞ

; ð21aÞ
Qmy ¼ D oyðmoxw

þ oyuÞ þ 1 m
2
oxðoxuþ oywÞ

: ð21bÞ
For MPT the moment function is given by
Mm ¼ M
m
x þMmy
1þ m ¼ Dðoxwþ oyuÞ: ð22Þ
Geometric (essential) Force (natural)
wm Qmx nx þ Qmy ny
w Mmx nx þMmxyny
u Mmxynx þMmy ny
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Thus (21) becomes
Qmx
Qmy
 
¼ ox 
1
2
Dð1 mÞoy
oy 12Dð1 mÞox
 
Mm
X
 
; ð23Þ
where
X ¼ oxu oyw: ð24Þ
In view of (18a) and (23), the governing bending equation of the MPT may be written as
r2Mm ¼ f : ð25Þ
The governing bending equation of the MPT may also be obtained in terms of the transverse
deﬂection wm by considering the transverse shear forces in (20) and the equilibrium equation
(18a). This gives
5ð1 mÞ
h2
ðDr2wm þMmÞ ¼ f : ð26Þ
It can also be noted that equating the shear forces in (20) to those in (23), and eliminating the
moment function in the process, one may deduce the following relation
r2X ¼ 10
h2
X: ð27Þ
Note that the above relation is the same as in Reddy et al. [13], in which third-order polynomials
in the expansion of the displacements through the plate thickness are used.
3. Mixed-classical bending relationships
In this section, a general set of relationships for stress resultants, rotations and deﬂections of
MPT and CPT is derived. These bending relationships are general for any plate shape, boundary
and loading conditions. Based on load equivalence, the ﬁrst part of (8) and (25) lead to the mixed-
classical Moment function relationship
r2Mm ¼ r2M c ) Mm ¼ M c þ Dr2n; ð28Þ
where nðx; yÞ is a bi-harmonic function that satisﬁes
r2r2n ¼ 0; ð29Þ
in the entire plate domain. In view of (26) and the ﬁrst part of (8), we get
5ð1 mÞ
h2
ðDr2wm þMmÞ ¼ r2M c: ð30Þ
Using the mixed moment function in (28) with the help of the classical moment function in (3)
we get
Mm ¼ Dr2ðn wcÞ: ð31Þ
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Using the above relation into the left-hand side of (30) and solving the ﬁnal expression, one can
obtained the mixed-classical deﬂection relationship as
wm ¼ wc  nþ h
2
5Dð1 mÞM
c þ g; ð32Þ
where gðx; yÞ is a harmonic function that satisﬁes the Laplace equation
r2g ¼ 0; ð33Þ
in the entire plate domain. By substituting (20), (28) and (32) into (23), it can be found that
w
u
 
¼
ox  h
2
10
oy
oy
h2
10
ox
2664
3775 HX
 
 oxw
c
oywc
 
; ð34Þ
where
H ¼ n gþ h
2
5ð1 mÞr
2n: ð35Þ
Now, for the mixed-classical stress resultant relationships, one can simply substitute (32), (34)
into the constitutive equations (19) and (20) to obtain
Mmx
Mmy
Mmxy
8<:
9=; ¼
M cx
M cy
M cxy
8<:
9=; Dð1 mÞ
o2y
h2
10
oxoy  1
1 m
o2x 
h2
10
oxoy  1
1 m
oxoy h
2
20
ðo2y  o2xÞ 0
2666664
3777775
H
X
r2n
8<:
9=; ð36Þ
and
Qmx
Qmy
 
¼ Q
c
x
Qcy
 
þ D ox 
1
2
ð1 mÞoy
oy 12 ð1 mÞox
  r2n
X
 
: ð37Þ
4. Exact solution for bending
A generalized Levy-type solution is used to determine the state of stress and deﬂection. Let us
consider the plate with simply supported edges along x ¼ 0; a (see Fig. 1). The other two edges at
y ¼ b=2 can each be free, simply supported, or clamped. The solution of the present problem is
represented:
wcðx; yÞ
wmðx; yÞ
wðx; yÞ
uðx; yÞ
8><>:
9>=>; ¼
X1
n¼1
W cn ðyÞ sinlx
W mn ðyÞ sin lx
WnðyÞ coslx
UnðyÞ sinlx
8><>:
9>=>;; ð38Þ
where l ¼ np=a, and the functions W cn ðyÞ, W mn ðyÞ, WnðyÞ, and UnðyÞ must be obtained such as to
fulﬁll the conditions of the supports at y ¼ b=2. The above representation satisﬁes the simply
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supported boundary conditions at x ¼ 0; a. To complete the solution, we must apply to wc, wm, w,
and u the boundary conditions on the two arbitrary sides at y ¼ b=2. Similarly, we may rep-
resent the load f in a unitary form in terms of a single Fourier series as
f ðx; yÞ ¼
X1
n¼1
FnðyÞ sinlx; ð39Þ
wherein
FnðyÞ ¼ 2a
Z a
0
f ðx; yÞ sinlxdx: ð40Þ
Two types of transversal distributed loads will be considered in the analysis, i.e.: uniformly dis-
tributed f ðx; yÞ ¼ f0 (UD) and hydrostatic distributed f ðx; yÞ ¼ f0x=a with maximum intensity of
f0 at x ¼ a (HD), as represented in Fig. 1. Therefore, using (40) to get
FnðyÞ ¼
4f0
np
for UD load;
ð1Þnþ1 2f0
np
for HD load:
8><>: ð41Þ
4.1. Derivation of n, g and X
With the help of (38) and (39), the intrinsic plate functions are given, after a series of algebraic
manipulations, by
Xðx; yÞ ¼
X1
n¼1
ðC1n cosh ky þ C2n sinh kyÞ coslx; ð42aÞ
gðx; yÞ ¼
X1
n¼1
ðC3n coshly þ C4n sinhlyÞ sinlx; ð42bÞ
nðx; yÞ ¼
X1
n¼1
yðC5n sinhly þ C6n cosh lyÞ sin lx; ð42cÞ
where y ¼ y=ð2lÞ and k2 ¼ l2 þ 10=h2. Note that Crnðr ¼ 1; 2; . . . ; 6Þ are constants of integration
which can be determined uniquely by using the boundary conditions along the edges y ¼ 
b=2. A
set of mixed-classical bending relationships for rectangular plates are as follows.
4.2. Deﬂection relationship
With the help of (42b) and (42c), (32) is given by
wm ¼ wc þ h
2
5Dð1 mÞM
c þ
X1
n¼1
½ðC3n  yC6nÞ coshly þ ðC4n  yC5nÞ sinhly sinlx: ð43Þ
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4.3. Rotation–slope relationships
The substitution of (42) into (35), yields
H ¼
X1
n¼1
½ðyC6n  C3nÞ cosh ly þ ðyC5n  C4nÞ sinhly sinlx; ð44aÞ
where
Ckn ¼ Ckn  h
2
5ð1 mÞCðkþ2Þn: ð44bÞ
Then, using (42a) and (44a) into (34), one obtains
w
u
 
¼  oxw
c
oywc
 
þ
X1
n¼1
l
yC6n  C3n yC5n  C4n
yC5n  C
_
4n yC6n  C
_
3n
" #
cosh ly
sinhly
 (
 h
2
10
kC2n kC1n
lC1n lC2n
 
cosh ky
sinh ky
 
cos lx
sinlx
 T
; ð45aÞ
where
C
_
kn ¼ Ckn  h
2
5ð1 mÞ

þ 1
2l2

Cðkþ2Þn; ð45bÞ
and the superscript T denotes the transpose of the given vector.
4.4. Bending and twisting moments relationships
The substitution of (42a), (42c) and (44a) into (36), yields
Mmx
Mmy
Mmxy
8<:
9=; ¼
M cx
M cy
M cxy
8<:
9=;þ Dð1 mÞX1
n¼1
l2
C3n  yC6n C4n  yC5n
yC6n  eC3n yC5n  eC4n
yC5n  C
_
4n yC6n  C
_
3n
264
375 coshly
sinhly
 8><>:
 h
2
10
klC2n klC1n
klC2n klC1n
1
2
ðk2 þ l2ÞC1n 12 ðk2 þ l2ÞC2n
24 35 cosh ky
sinh ky
 9=;
sin lx
sin lx
cos lx
8<:
9=;
T
; ð46aÞ
where
Ckn ¼ Ckn  h
2
5ð1 mÞ

 m
l2ð1 mÞ

Cðkþ2Þn; ð46bÞ
eCkn ¼ Ckn  h2
5ð1 mÞ

þ 1
l2ð1 mÞ

Cðkþ2Þn: ð46cÞ
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4.5. Shear forces relationships
Also, the substitution of (42a) and (42c) into (37), yields
Qmx
Qmy
( )
¼
Qcx
Qcy
( )
þ D
X1
n¼1
l
C5n C6n
C6n C5n
" #
coshly
sinhly
" #(
 1
2
ð1 mÞ kC2n kC1n
lC1n lC2n
" #
cosh ky
sinh ky
" #)
coslx
sinlx
( )T
: ð47Þ
4.6. Boundary conditions relationships
For the case where both edges are simply supported ðSÞ, clamped ðCÞ or free ðF Þ, the boundary
conditions at y ¼ b=2 are
S: wm ¼ wc ¼ 0; Mmy ¼ M cy ¼ 0; w ¼ 0:
C: wm ¼ wc ¼ 0; w ¼ 0; u ¼ oywc ¼ 0:
F : Mmy ¼ M cy ¼ 0; Mmxy ¼ 0; Qmy ¼ V cy ¼ 0:
ð48Þ
5. Numerical results
The presented solutions are realized for a rectangular plate, with m ¼ 0:3 and for diﬀerent
values of the plate thickness ratio h=a. The edges x ¼ 0; a are considered invariably simply sup-
ported (SS), the remaining ones (i.e. y ¼ b=2) being considered SS; CC; FF; SC; SF and CF.
We will assume in all the analyzed cases (unless otherwise stated) that h=a ¼ 0:1, b=a ¼ 1 and
n ¼ 49.
Table 1
Maximum deﬂection parameter w for SS rectangular plates under UD load ðn ¼ 19Þ
Source b=a ¼ 1 (0.4062)a b=a ¼ 2 (1.0129)a
h=a h=a
0.04 0.1 0.2 0.04 0.1 0.2
Reddy et al. [13]b 0.410 0.427 0.490 1.018 1.045 1.143
Cooke and Levinson [1]b 0.410 0.427 0.490 1.018 1.045 1.143
Lee et al. [2]c 0.410 0.427 0.490 1.018 1.045 1.143
MPTd 0.4096 0.4273 0.4904 1.0181 1.0454 1.1430
aNumbers in parenthesis based on classical thin plate theory.
b Based on Levinson plate theory.
c Based on Mindlin plate theory with K ¼ 5=6.
d Based on the present mixed plate theory.
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Table 2
Maximum deﬂection parameter w for CC rectangular plates under UD load ðn ¼ 19Þ
Source b=a ¼ 1 (0.1917)a b=a ¼ 2 (0.8445)a
h=a h=a
0.04 0.1 0.2 0.04 0.1 0.2
Reddy et al. [13]b 0.198 0.227 0.322 0.852 0.889 1.013
Cooke and Levinson [1]b 0.196 0.217 0.292 0.850 0.879 0.984
Lee et al. [2]c 0.197 0.221 0.302 0.851 0.885 1.000
MPTd 0.1965 0.2209 0.3021 0.8511 0.8850 1.0000
aNumbers in parenthesis based on classical thin plate theory.
b Based on Levinson plate theory.
c Based on Mindlin plate theory with K ¼ 5=6.
d Based on the present mixed plate theory.
Table 3
Bending parameters for FF square plates under UD load
h=a w ð1:3094Þa wb (1.5011)a Mx ð1:2255Þa My ð0:2708Þa Qx (0.4646)a
Reddy
et al.
[13]c
MPTd Reddy
et al.
[13]c
MPTc Reddy
et al.
[13]c
MPTd Reddy
et al.
[13]c
MPTd Reddy
et al.
[13]c
MPTd
0.01 1.310 1.3098 1.504 1.5038 1.225 1.2252 0.270 0.2695 0.464 0.4643
0.05 1.319 1.3187 1.522 1.5217 1.225 1.2246 0.265 0.2641 0.463 0.4628
0.10 1.346 1.3459 1.560 1.5600 1.225 1.2248 0.256 0.2564 0.461 0.4609
0.15 1.391 1.3910 1.616 1.6161 1.226 1.2263 0.247 0.2474 0.459 0.4591
0.20 1.454 1.4539 1.690 1.6898 1.229 1.2293 0.237 0.2372 0.458 0.4576
aNumbers in paranthesis based on classical thin plate theory.
bDeﬂections at point ða=2; a=2Þ.
c Based on Levinson plate theory.
d Based on the present mixed plate theory.
Table 4
Maximum deﬂection parameter w for SS rectangular plates under HD load ðn ¼ 19Þ
b=a CPTa h=a ¼ 0:02 h=a ¼ 0:1 h=a ¼ 0:2
Wang [21]b MPTc Wang [21]b MPTc Wang [21]b MPTc
1 0.2031 0.206 0.2035 0.216 0.2136 0.249 0.2452
2 0.5064 0.507 0.5071 0.523 0.5227 0.573 0.5715
3 0.6116 0.611 0.6123 0.628 0.6292 0.682 0.6817
4 0.6409 0.640 0.6416 0.658 0.6587 0.712 0.7121
5 0.6485 0.648 0.6493 0.665 0.6664 0.720 0.7199
aBased on classical thin plate theory.
b Based on Mindlin plate theory with K ¼ 5=6.
c Based on the present mixed plate theory.
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The following non-dimensional response characteristics:
w ¼ 10
2D
f0a4
w
a
2
; 0
 
; Qx ¼
D
f0a
Qxð0; 0Þ; Qy ¼
D
f0a
Qy
a
2
;

 b
4

;
Ma ¼ 10f0a2Ma
a
2
; 0
 
; ra ¼ h
2
a2
ra
a
2
; 0;
h
2
 
;
Table 5
Center deﬂection parameter of rectangular plates under UD or HD loads and subjected to various boundary conditions
b=a Loading h=a w
SS CC FF SC SF CF
1 UD 0.20 0.4904 0.3021 1.4539 0.3827 0.9072 0.7139
0.10 0.4273 0.2209 1.3459 0.3059 0.8224 0.6065
0.04 0.4096 0.1965 1.3154 0.2830 0.7981 0.5737
CPT 0.4062 0.1917 1.3094 0.2785 0.7931 0.5667
HD 0.20 0.2452 0.1511 0.7270 0.1914 0.4536 0.3569
0.10 0.2136 0.1104 0.6730 0.1529 0.4112 0.3033
0.04 0.2048 0.0983 0.6577 0.1415 0.3991 0.2868
CPT 0.2031 0.0959 0.6547 0.1393 0.3965 0.2834
2 UD 0.20 1.1430 1.0000 1.4283 1.0704 1.2844 1.2090
0.10 1.0454 0.8850 1.3228 0.9637 1.1829 1.0981
0.04 1.0181 0.8511 1.2938 0.9330 1.1547 1.0664
CPT 1.0129 0.8445 1.2887 0.9270 1.1496 1.0605
HD 0.20 .05715 0.5000 0.7141 0.5352 0.6422 0.6045
0.10 0.5227 0.4425 0.6614 0.4819 0.5914 0.5491
0.04 0.5090 0.4256 0.6469 0.4665 0.5774 0.5332
CPT 0.5064 0.4223 0.6444 0.4635 0.5748 0.5303
Table 6
In-plane stresses and shearing forces of square plates under UD or HD loads and subjected to various boundary
conditions
BC Loading rx ry Qx Qy
CPT MPT CPT MPT CPT MPT CPT MPT
SS UD 0.2873 0.2873 0.2873 0.2873 0.3336 0.3336 0.1364 0.1364
HD 0.1437 0.1437 0.1437 0.1437 0.1668 0.1668 0.0682 0.0682
CC UD 0.1463 0.1548 0.1995 0.1996 0.2403 0.2441 0.2127 0.2107
HD 0.0732 0.0774 0.0997 0.0998 0.1202 0.1220 0.1064 0.1053
FF UD 0.7353 0.7349 0.1625 0.1538 0.4646 0.4609 0.0264 0.0293
HD 0.3676 0.3674 0.0812 0.0769 0.2323 0.2305 0.0132 0.0146
SC UD 0.2033 0.2093 0.2351 0.2358 0.2782 0.2810 0.1047 0.1063
HD 0.1017 0.1047 0.1175 0.1179 0.1391 0.1405 0.0524 0.0531
SF UD 0.4791 0.4793 0.2339 0.2283 0.3898 0.3876 0.1685 0.1672
HD 0.2395 0.2396 0.1169 0.1141 0.1949 0.1938 0.0842 0.0836
CF UD 0.3378 0.3475 0.1679 0.1625 0.3057 0.3076 0.3377 0.3294
HD 0.1689 0.1737 0.0839 0.0813 0.1529 0.1538 0.1689 0.1647
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determined as per the present theory (MPT), are compared with their counterparts obtained
within the CPT. However, in the ﬁgures where only MPT is used, it is implied that the transverse
shear stresses are obtained with the following dimensionless:
sxz ¼ hf0a sxzð0; 0; 0Þ; syz ¼
h
f0a
syz
a
2
;

 b
4
; 0

:
The numerical results are displayed in Tables 1–6 as well as in Figs. 2–7.
Table 1 gives the maximum non-dimensional deﬂections of SS rectangular plates subjected to a
UD load. As observed from Table 1, there is an excellent agreement between the present mixed
results and those solutions of Cooke and Levinson [1] and Reddy et al. [13] based on Levinson
higher-order plate theory and those of Lee et al. [2] based on Mindlin plate theory. The agreement
Fig. 2. Non-dimensional center deﬂection (w) versus aspect ratio ðb=aÞ for rectangular plates under UD load.
Fig. 3. Non-dimensional center deﬂection ðwÞ versus thickness-to-side ratio ðh=aÞ for square plates under UD load.
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of results conﬁrms the correctness of the bending relationships derived. Table 2 gives the maxi-
mum non-dimensional deﬂections of CC rectangular plates subjected to a UD load. A disparity of
the Levinson plate results can be observed between these furnished by Cooke and Levinson [1]
and by Reddy et al. [13]. It is to be noted that the present MPT results are upper bounds of Cooke
and Levinson [1] solution and are lower bounds of Reddy et al. [13] solution. Interestingly, one
can see from Tables 1 and 2 that if the value of 5/6 is adopted for the Mindlin shear correction
factor, the Mindlin plate deﬂections of SS and CC rectangular plates, as given by Lee et al. [2], are
exactly the same as those on the present MPT (see also Zenkour [25–27]).
A comparison of the present results and those in Reddy et al. [13] for FF square plates sub-
jected to a UD load is given in Table 3. It is evident that the results predicted by MPT and the
Fig. 4. Distribution of w along the centerline x ¼ a=2 of square plates under UD load.
Fig. 5. Variation of the transverse shear stress ðsxzÞ through-the-thickness of square plates under UD load using MPT.
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Levinson higher-order plate theory have a perfect one-to-one correspondence for all values of the
thickness-to-side ratio. Another comparison of the present deﬂections and those in Wang [21]
based on the Mindlin plate theory for SS rectangular plates subjected to a HD load is given in
Table 4. The present deﬂections are compared well with those of Wang [21] in which the Mindlin
shear correction factor K ¼ 5=6 is used.
The results obtained concern the values of the non-dimensional deﬂections, the in-plane stresses
and the shearing forces, displayed in Tables 5 and 6 for MPT and CPT and various edge con-
ditions envisioned in this paper while the Figs. 2–7 depict the variation of some quantities versus
the geometrical parameters of the plate. Fig. 2 reveals that the variation of w is very sensitive to
Fig. 6. Variation of the transverse shear ðsyzÞ through-the-thickness of square plates under UD load using MPT.
Fig. 7. Distribution of the transverse shear stress ðsyzÞ along the centerline x ¼ a=2 of square plates under UD load
using MPT.
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the variation of b=a parameter and this irrespective of the considered boundary conditions.
However the FF instance constitutes an exception in the sense that the considered variation of b=a
has a very lower eﬀect on the variation of w. The sensitivity of the parameters b=a, h=a and the
distributed loads on the deﬂections is given in Table 5. Note that the inﬂuence of the shear de-
formation on the deﬂections increases once h=a increases. Also the deﬂections of plates subjected
to a UD load may be twice that of plates subjected to a HD load. Fig. 3 reveals that the transverse
shear deformation eﬀect becomes signiﬁcant starting with moderately thick plates, irrespective of
the boundary conditions. In this sense the FF instance shows the highest sensitivity in the context
of the considered edge conditions, see also Fig. 2 and Table 5. Fig. 4 allows itself to underline the
great inﬂuence of the boundary conditions on the analyzed deﬂections through the centerline of
square plates subjected to a UD load.
Examination of the results displayed in Table 6 reveals that the FF instance shows the highest
sensitivity in the context of the considered edge conditions for rx and Qx while it shows the lowest
sensitivity in the context of the considered edge conditions for ry and Qy . In addition, the present
MPT does not provide any signiﬁcant advantage over the CPT for SS rectangular plates. That is
because, for rectangular plates with simply supported edges, it can be shown that the intrinsic
plate functions X ¼ g ¼ n ¼ 0. Then, all moment and shearing force quantities are identical for
CPT and MPT. An exception in this sense is that the considered vanishing of the intrinsic plate
functions gives diﬀerent deﬂection quantities, i.e., wm 6¼ wc.
Finally, the through-the-thickness transverse shear stresses for square plates subjected to a UD
load are given in Figs. 5 and 6. Note that, regardless of the considered edge conditions, the
transverse shear stresses of the present MPT are quadratic functions of z and vanish at z ¼ 
h=2.
Once again, Fig. 7 allows itself to underline the great inﬂuence of the boundary conditions on the
transverse shear stress syz through the centerline of the plate.
6. Concluding remarks
The objective of this paper is to provide two-dimensional mixed-classical solutions for the
bending analysis of rectangular plates. The considered plate is of the type having lower surface is
traction-free while a normal traction is applied on its upper surface. Two opposite sides of the
plate having combinations of simply supported, clamped, and free boundary conditions. How-
ever, the boundary conditions at the other two opposite sides are taken to be simply supported.
With these limited boundary conditions, the total number of plate conﬁguration analyzed is six.
Based on the basis of load equivalence, the exact relationships between the solutions of the
mixed ﬁrst-order shear deformation plate theory and the classical thin plate theory are presented.
Upon supplying the CPT solutions, the MPT solutions may be readily obtained. The present exact
solutions obtained via these relationships should serve as useful benchmark values for researchers
to check the validity, convergence and accuracy of their numerical results.
The present MPT does not use higher-order polynomials in the expansion of the displace-
ment components through the plate thickness as used in higher-order shear deformation theories.
It is also account for variable distributions of transverse shear stresses that other ﬁrst-order
shear deformation theories fail to do. Since a parabolic distribution for the shear stress is assumed,
the MPT does not require the use of any shear correction factor used in ﬁrst-order theories.
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Moreover, it does not require additional stress resultants and material stiﬀness coeﬃcients used in
higher-order shear deformation theories.
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